The features of scattered and transmitted light by dilute suspensions of transparent submicron particles are investigated both in the spectral and in the perceived colorimetric domains, as a function of effective particle diameter D, particle-host refractive-index mismatch m, and scattering angle θ. Our results show that the wavelength λ-dependence of the scattering and extinction cross sections remains quite similar well beyond the Rayleigh regime up to particle sizes of a few hundreds nm, but only for specific scattering angles that depend on D and m, and tend to 90°on approaching the Rayleigh regime. Close to this limit (D∕λ ≪ 1), a simple criterion that relates the perceived scattering color at θ 90°and the ratio of the sample extinction coefficients at two properly selected wavelengths is demonstrated. A comparison between computed and measured data is presented.
Introduction
The study of the color properties of Rayleigh-like optical materials is a fascinating task, which allows us to understand, and thus better perceive, many everyday chromatic effects typical of sunlight diffusion by the atmosphere. These are the phenomena leading, for example, to the reddish varieties of the sun color observed at twilight, the blue tinge in the shade under diffused sky light, the spectacular colors of the noon or sunset sky in clean, cloudy, stormy, windy conditions, etc. For a thorough review of such phenomena, as well as for the description of other rare but even more spectacular effects, such as rainbows, coronas, halos, glories, etc., see, for example, the beautiful books by Minnaert [1] and Lynch and Livingston [2] . The optical investigation of all these phenomena has inevitably to do with the angular and spectral properties of the light scattered by air molecules and particles suspended in the atmosphere. This subject represents an extremely vast area of research, so-called "atmospheric optics" [3] , which has grown very rapidly over the last decade, as witnessed by the recent special issues dedicated by this journal to the topic entitled "Color and light in nature" [4] [5] [6] .
Historically, the first experiments capable of artificially reproducing the blue color of the sky in a small scale laboratory were carried out with clean gasses a long time ago by Cabannes [7] and by Strutt [8] (Rayleigh's son) . Although these pioneering experiments were of fundamental importance for demonstrating the correctness of Rayleigh's intuition (i.e., that the blue color of the sky is due to scattering by air molecules in the atmosphere [9] ), they were not able to produce bright blue light simply because molecular scattering is not strong enough. Conversely, scattering from nano or submicron particles can be very efficient (scattering power ∼D to the geometrical diameter and m the optical mismatch between particle and hosting medium) and, therefore, is quite suitable for recreating, investigating, and, possibly, tuning the optical and spectral properties of the scattered radiation.
Although various experiments with small particles immersed in fluids have been performed in the past [10, 11] , to our knowledge, there is only one recent work [12] in which the spectral and colorimetric properties of sun-and sky-like radiation were recreated and quantitatively characterized in a laboratory. In that work the authors performed a "milky sky" experiment, in which the spectra of the light scattered at 90°by a dilute solution of milk in correspondence with two distances inside the cell were measured and compared with the transmittance spectrum. Their results pointed out very clearly the importance of particle size, concentration, and length of the optical path in determining the spectra, and, consequently, the perceived colors of the light scattered and transmitted by the solution.
In this paper we have followed a similar approach by realizing a hardware simulator of the sky made of a dilute solution of submicron scattering particles dispersed in a fluid of known refractive index. Our study was aimed at investigating, in the neighborhood of the Rayleigh limit, what are the maximum particle sizes and refraction indexes that allow us to reproduce the optical properties of the sky and, at the same time, provide high scattering efficiencies. Clearly, due to the ∼D 6 dependence of scattering cross section, large particles are much more efficient than small particles, but this increased efficiency is gained at the price of strong deviations from the Rayleigh regime, where the angular scattering distribution is isotropic and its spectral behavior scales as ∼λ −4 , being λ the wavelength of light. As particles get bigger, these deviations appear as an increased angular scattering anisotropy (which concentrates the diffused light mainly in the forward direction) and as an increased flattening of its spectral distribution (which reduces the λ −4 behavior and distributes uniformly the scattering between all spectral components). As a consequence, the color of the scattered light deviates progressively from the blue (Rayleigh) color and tends to become more and more whitish, with the transition being strongly dependent on scattering angle.
Our findings highlight an unexpected and interesting correspondence between the spectral properties of the scattered light and the extinction cross section. In particular, we found that the λ-dependence, of scattering and extinction cross sections, remains quite similar well beyond the Rayleigh regime (where they are identical and scale as λ −4 ), but only if scattering angles around 90°are considered. Specifically, we discovered that for particle sizes up to few hundred nanometers (for which both scattering and extinction deviate significantly from the λ −4 behavior), the matching between the two spectra is optimized for an angle that depends on particle size and index mismatch. This angle is always less than 90°, but tends asymptotically to 90°as the Rayleigh limit (D∕λ ≪ 1) is approached.
This correspondence has an important practical application since it provides a simple experimental method for predicting the color of the light scattered at angles close to 90°by a dispersion of particles with diameters rather larger than those typical for the Rayleigh regime. Indeed, a direct measure of the scattered color would imply a detection of the scattered light spectrum, whose realization is not straightforward at all, and depends on geometrical sample parameters such as the optical path L inside the sample. Conversely, measuring the extinction spectrum is much easier, can be realized with a standard commercial spectrophotometer, and is independent of L. Moreover, we also found out that the knowledge of the entire (visible) extinction spectrum is a quite redundant piece of information. The color can be predicted on the basis of a single spectral parameter, namely the ratio of the extinction cross sections at two properly selected wavelengths. The last measurement can be accomplished even in the absence of a spectrophotometer, e.g., relying upon the usage of a pair of interferential filters and two photodiodes. To the best of our knowledge, the problem addressed here and the method proposed for its solution represent a novelty in the light scattering field that has never been considered before in the literature.
This paper is organized as follows. In Section 2, the standard definitions of scattering and extinction cross section are recalled, and the equivalence between the two is shown to be trivial in the Rayleigh regime. In Section 3, this equivalence is analyzed outside the Rayleigh regime on the basis of Miescattering computations. In Section 4, the equivalence problem is investigated in the colorimetric space. In Section 5, it is shown how a single parameter γ, given by the ratio between the sample extinction cross section at two given wavelengths, suffices to characterize the extinction cross section for the purpose of scattering-color prediction. In Section 6, it is shown how the method can be easily implemented and tested with a simple scattering and transmission setup by using different samples. In Section 7, the method is summarized and potential applications are discussed.
Theoretical Background
The physical system that we are going to consider is a dilute dispersion of transparent submicron spherical particles in a transparent fluid, of different refractive index, which we call in what follows the "scattering sample." The transmittance Tλ of the scattering sample is governed by the well-known Lambert-Beer law [13] :
where P 0 λ and P T λ indicate, respectively, the power of the incident and transmitted light, ν is the number of particles per unit volume, λ is the vacuum radiation wavelength, L is the distance the light travels through the material, and σλ is the total extinction cross section per single particle. If the particles are nonabsorbing, the extinction cross section coincides with the (total) scattering cross section [13] and can be written in terms of an integral over the entire solid angle Ω as
where dσ∕dΩ is the differential scattering cross section, θ indicates the scattering angle (the angle between the directions of propagation of the incident and scattered radiation), and unpolarized incident light has been assumed. If the sample is optically thin (νσL ≪ 1) the transmitted power can be approximated as P T λ ≈ P 0 λ1 − νσλL. In this approximation, the power scattered per unit solid angle is related to the differential cross section by
showing that the spectral properties of dP S ∕dΩθ; λ depend on both P 0 λ and dσ∕dΩθ; λ.
In the case of spherical particles, scattering is described by Mie theory [13] , which depends on particle diameter d, particle refractive index n 2 , medium refractive index n 1 , and wavelength λ. However, it is possible to express Mie theory in terms of the rescaled variables
where D is the effective particle diameter and m is the optical mismatch between particle and medium. In terms of D and m, the total and differential cross sections become
where Q sca is the standard scattering efficiency factor (see [13] , p. 14) and F is the standard scattering function (see [13] , p. 12). Q sca and F are dimensionless quantities that depend on D, m, and λ, but not explicitly on n 1 . Thus, the spectral behavior of σλ and, for any given angle θ, of dσ∕dΩθ; λ is determined only by D and m, while the parameter n 1 accounts only for the amplitudes, which scale as n 2 1 . Regarding the connection between the wavelength dependences of the extinction and scattering cross sections, which is the main concern of this work, we should not expect, in general, any simple relationship between dσ∕dΩθ; λ and σλ. There is, however, a special case, which coincides with the Rayleigh limit (D ≪ λ), where dσ∕dΩ factorizes into two functions that depend separately on θ and λ [13] . Thus, under these circumstances, σλ ∼ dσ∕dΩθ; λ, and, in particular, if the sample is made of monodispersed particles of effective diameter D, the total and differential cross sections are given by [14] 
Equations (8) and (9) show not only that both σλ and dσ∕dΩθ; λ follow the very well-known λ −4 law (which determines the blue color of the sky), but also that they exhibit the same m and n 1 dependences. Thus, if the particles and the medium exhibit some wavelength dispersion of their refractive indexes [m mλ, n 1 n 1 λ], in spite of the fact that λ −4 law is not preserved, the spectral behaviors scale in the same manner, i.e., σλ ∼ dσ∕dΩθ; λ.
Scattering Versus Extinction
Equations (8) and (9) show that in the Rayleigh limit, the spectral behavior of dσ∕dΩθ; λ and σλ are identical, regardless of θ. Thus, one could recover the spectral behavior dσ∕dΩθ; λ simply by measuring σλ via a standard extinction measurement. In this section we investigate to which extent this identity remains valid on increasing particle size and index mismatch.
We start with the investigation of the behavior of the scattering spectra in proximity of the Rayleigh regime at different scattering angles. This is shown in the two panels of Fig. 1 , where dσ∕dΩθ; λ is reported as a function of λ for five angles in the range 30°-150°, for the case of D 100 nm, m 1.4 [ Fig. 1(a) ] and D 200 nm, m 1.4 [ Fig. 1(b) ]. On the same plots, the total extinction cross section σλ is reported (black solid symbols). The wavelength range is set to 0.35-0.85 μm, and all the curves are rescaled to unity in correspondence with the maximum wavelength. The matching between (all) scattering curves and σλ is unambiguously much better in the case of D 100 nm [ Fig. 1(a) ] rather than in the D 200 nm case [ Fig. 1(b) ]. We also notice that for the smaller particle case, the best matching occurs for an angle θ ∼ 90°. In fact, when θ < 90°, dσ∕dΩθ; λ deviates systematically above σλ, while for θ > 90°, they deviate below σλ. Differently, for the larger particle case, the mismatching seems to be minimized at an angle between 60°a nd 90°. In all cases, however, the extent of deviations decreases progressively at larger λ's, where all the curves tend asymptotically to the λ −4 Rayleigh behavior. A quantitative analysis of the data presented in Fig. 1 can be performed by introducing the quantity
which corresponds to the relative standard deviation (s.d.) of the ratio between dσ∕dΩθ; λ and σλ, evaluated over the entire spectral range. Thus, regardless of their absolute values, the parameter χθ is a measure of the shape mismatch between the dσ∕dΩθ; λ and σλ curves.
The results of this analysis are illustrated in the three panels of Fig. 2 . In Fig. 2(a) we report the behavior of χθ as a function of θ for a fixed value of m 1.4 and various diameters D, between 50 and 200 nm. All the curves present a minimum whose shape and position depend on D. As smaller and smaller particles are considered, the minimum positions θ min become narrower and narrower and move closer to 90°. Note that the vertical axis is plotted on a logarithm scale, so that these minima are very pronounced and should allow us to pin down the θ min positions very accurately. In Fig. 2(b) , the same analysis is carried out for a fixed diameter D 50 nm and different mismatching values m, between 1.1 and 2.0. As for Fig. 2(a) , all curves present a minimum, but in this case the minima are characterized by similar shapes and identical positions θ min close to 90°. Finally, in Fig. 2(c) , we plot the behavior of θ min as a function of D for the same m values used in Fig. 2(b) . All curves behave in the same manner with minima that increase with decreasing D, and tend asymptotically, for D → 0, to θ min 90°. This result shows that the 90°scattering angle is the one that, on approaching the Rayleigh regime, minimizes the mismatching between dσ∕dΩθ; λ and σλ.
D−m Color Maps
In the previous section, we have reported on the similarities between scattering and extinction cross sections in terms of their spectral profiles. In what follows we are going to investigate the problem from the viewpoint of the perceived scattering color.
As is known, the perceived color of light scattered at a given angle depends only on the shape of its spectrum dσ∕dΩθ; λ, which in turn, as recalled in Section 3, depends on D and m only. Then, by using standard colorimetric transformations [15] , it is possible to associate dσ∕dΩθ; λ to a given color, and construct two dimensional D−m color maps. Figure 3 shows three such color maps obtained numerically by using exact Mie theory [Eq. (7)] for θ 60°, 90°, and 120°, under the hypothesis of nonabsorbing particles (n 2 real), transparent medium (n 1 real), and white E (equal-power) illuminant [P 0 λ constant]. The choice of the E illuminant (instead, e.g., of a solar illuminant) has been dictated by the interest of focusing the present analysis to the inherent material optical properties, and not to its appearance under specific illumination conditions, the second being easily deducible from the first once the specific illuminant spectral profile is assigned. We mention that the choice of white E illuminant is a standard when color features of material (e.g., tissues, paints, etc.) are investigated. Figure 3 shows clearly that, as long as particles deeply inside the Rayleigh regime (D ≪ λ) are considered, the color is quite uniform (blue sky) for all three maps. In contrast, for D ≥ 200 nm, the color starts to exhibit fairly complex varieties of hues and saturation levels, which are strongly dependent on θ and tend to become more polychromatic as larger D's are considered. Thus, the behavior of the colors scattered by Rayleigh-like particles is a rather complicated function of D and m, and, unless dσ∕dΩθ; λ is known (or measured), it is very hard to predict.
With the aim of verifying to what extent σλ is useful for predicting the color of the scattered light also beyond the Rayleigh regime, we computed the colorimetric coordinates x−y (CIE 1931) associated to the color maps of Fig. 3 and compared them with the corresponding x−y points estimated by using the computed σλ profile. The results are reported in Fig. 4 , where the distance ρ Δx 2 Δy 2 p in the colorimetric x−y plane between the color points recovered by using dσ∕dΩθ; λ and σλ is plotted as a function of D. The different curves refer to seven angles spanning from 60°to 120°and the two panels correspond to m 1.4 and m 1.7. All curves, of both panels, are quite similar for small D's, while they start to exhibit appreciable differences only for D ≥ 150 nm. In both cases the curve that, on approaching the Rayleigh regime (D → 0), exhibits the smallest distance is the one corresponding to 90°. On the other hand, as D increases, the angle that minimizes such a distance becomes progressively smaller, consistently with what was reported in Fig. 2 . Notably, Fig. 4 allows for an estimation of the angular and diameter ranges for which scattering-color prediction on the basis of the extinction profile is feasible within a given accuracy. For example, if one accepts a chromatic distance ρ ≤ 0.004, the angle θ 80°turns out to be adequate for D as large as 200 nm, while θ 90°provides higher precision but for smaller diameters only. As a final comment, we point out that the choice of the Euclidean distance ρ in the x − y plane (rather than the Euclidean distance in the CIELAB color space, which is more commonly used for quantifying perceptual distances between colors) for estimating the method's accuracy was dictated by the fact that while ρ is independent of the absolute scattered intensity, the corresponding distance in the CIELAB space is not [15] . Thus, a color distance carried out in the CIELAB color space would depend on the illumination conditions, and not describe the intrinsic color properties of the scattered light. Furthermore, in the present work we investigate only a small region of the x−y plane nearby the Rayleigh point (x 0.240, y 0.234) and, consequently, any nonlinear effect associated to the human-eye color sensitivity could be considered small and not taken into account.
Color and γ Maps
The purpose of this section is to discover the minimum meaningful information related to σλ that is necessary for scattering-color prediction. To this end we mention that the behavior of σλ versus λ, a power-law with slope -4 in the Rayleigh regime, remains fairly well approximated by a power-law with different slopes (smaller than -4) when D and m are made to increase (from Mie calculations; data not shown). This suggests that a single parameter, related to the σλ slope, may suffice for the above purpose. To this end we introduce here the parameter
defined as the ratio between the extinction cross sections, σλ 1 and σλ 2 , at two wavelengths λ 1 500 nm and λ 2 600 nm, or as the ratio between the logarithms of the corresponding sample transmittances [see Eq. (1)]. The reason for the choice of the two particular λ 1 and λ 2 wavelengths is described below. Notice that γ can be easily measured even in the absence of a spectrometer, e.g., relying upon the usage of a pair of interferential filters and a photodiode. In what follows, the connection between γ and the color of 90°scattered light is investigated in detail. We start by noting that, as a consequence of Eq. (6), for a given pair of wavelengths, γ depends only on D and m. Therefore, two dimensional D-m iso-γ contour plots can be uniquely constructed. In Fig. 5(a) , four iso-γ contour lines are plotted in D−m space. The four lines relate to four γ values ranging from the Rayleigh limit γ 600∕500 4 2.07 to γ 1.65. The curves have been painted with true colors corresponding to 90°scattered light, in order to give a first qualitative impression of the actual color range spanned by each γ line, which appears very narrow in all cases. The calculation was restricted to the trapezoidal region delimited by the slanted straight line reported in the figure, because strong iso-γ color variations were observed outside this region for any pair of wavelengths λ 1 and λ 2 . Therefore, in terms of D and m, the entire analysis was limited to the ranges 1.05 < m < 1.85 and D < 200-330 nm.
The quantitative results concerning the connection between γ and the colors of 90°scattered light are given in the plots in Fig. 5(b) , where the same four iso-γ curves of Fig. 5(a) are now plotted in the x-y colorimetric plane. Here the iso-γ lines appear as wormlike curves, approximately arranged and oriented along an ideal straight line connecting the Rayleigh point (x 0.240, y 0.234) with the White point (x 0.333, y 0.333). Note that these curves have been painted with false colors, while the background plane is shown in true colors. The figure shows how the color spread for each iso-γ decreases as the γ-value increases, collapsing onto a single point as γ approaches the Rayleigh value γ R 2.07. We mention that the pair of values λ 1 500 nm and λ 2 600 nm have been empirically selected as leading, on average, to the minimum color spread for all curves. Other choices led to a wider spread and partial overlap of the iso-γ lines, which is absent in the present case. We interpret this result as a consequence of the fact that wider λ 1 − λ 2 distances cause γ to be affected by oscillatory behaviors occurring mainly at the edges of the extinction spectral profile, while narrower gaps make γ less sensitive to σλ changes, causing partial overlap in the D-M space.
As a final comment, it is worth noting that the γ parameter can also be used to quantify how close the scattering system is to the Rayleigh regime, where λ 1 λ 2 550 nm) , we can observe (data not shown) that, upon increasing D∕λ avg , the ratio γ∕γ R progressively deviates from unity, but up to values D∕λ avg ≤ 0.15, it remains always inside the range γ∕γ R 1 0.03 for any 1.05 < m < 1.85.
Experimental Results
In what follows, we report on an experiment that we have performed in order to show how the γ criterion can be practically used with a simple setup. The experimental layout is sketched in Fig. 6 . The light emitted by a white LED (Osram, model DT6-W4F-854, emitting source area ∼1.0 × 1.0 mm 2 , equivalent color temperature: 5400 K; x 0.335, y 0.343) is collected and weakly focused by an aspheric condenser lens (F 50 mm, ϕ 50 mm), which forms the image of the LED at a distance of ∼500 mm from the lens. A diaphragm followed by a 10X, NA 0.30 microscope objective placed at a distance of ∼300 mm transversely delimits the beam and focuses it to a spot of ∼1.5 mm, which remains approximately constant over a length of ∼10 mm. The spot size and the beam divergence can be easily tuned by varying the diaphragm aperture.
The scattering samples are made of submicron particles dispersed in a diluted solution of distilled water inside a square quartz couvette (section 10 × 10 mm 2 ) placed immediately after the microscope objective. Four different samples were analyzed: two monodisperse calibrated latex spheres of 152 and 200 nm (Duke Scientific Corp., Palo Alto, California) and two samples with uncalibrated silica spheres smaller than 50 nm. In all cases, the particle concentration was set in order to lead to about 10% attenuation at 500 nm, this figure resulting as a good compromise between the needs of single scattering operation and having large enough signal-to-noise ratio in the detection.
The light transmitted and scattered at 90°was collected by two optical fiber-collimator systems, coupled at the opposite terminations with two spectrometers (Ocean Optics HR2000CG-UV-NIR). The use of the optical fiber collimators ensures that, in the case of the transmittance measurement, the forward and multiple scattered light does not reenter the collection optics [16] . Spectra were acquired in the 0.40-0.80 μm wavelength range. From the transmitted spectrum, we recovered the extinctions for λ 1 500 nm and λ 2 600 nm, and thus γ, while from the scattered spectrum we retrieved the x-y coordinates of the scattered color. The procedure required two blank-measurements, which were used for normalizing the transmitted and scattering spectra to the incident spectrum emitted by the source. The final achieved s.d. in the measured data over subsequent acquisitions were δ γ ∼ 5 × 10 −2 for the γ measurement and δ x ∼ δ y ∼ 5 × 10 −3 for the colorimetric coordinates.
The results of the measurements are presented in accurately on the corresponding iso-γ color curves, the matching having been obtained in the absence of any free parameter to tune. For further argument, in support of the usefulness of γ criterion for the scattering-color prediction, it is worth repeating that the γ measurement, as mentioned in Section 5, leads to a well-defined result independently on optical sample thickness. In the case of direct measurement of the scattering color, only optically thin samples can be studied [see Eq. (3)].
Conclusions
In this paper, we have developed a new simple experimental procedure that allows us to predict the color of light scattered at 90°by a dispersion of particles with diameters rather larger than those typical for the Rayleigh regime. This procedure, which does not require any measurement of the scattered light, is based upon the similarities between the spectral profiles of the extinction and scattering cross sections for light scattered at angles close to 90°. We found that even for particles of a few hundreds of nanometers (where both profiles deviate significantly from the λ −4 behavior), the matching between the two spectra is remarkable, and optimized for an angle that depends on particle size and index mismatch, but tends asymptotically (D → 0) to 90°in the Rayleigh limit.
Based on the equivalence between the extinction and scattering profiles, we showed that the color of the scattered light at 90°can be accurately predicted by measuring the sample transmittance at only two properly chosen wavelengths. In particular we have shown that, up to effective particle diameters D < 200-330 nm and optical mismatch in the range 1.05 < m < 1.85, it is possible to predict the color of the light scattered at 90°by means of the parameter γ ≡ log Tλ 1 ∕ log Tλ 2 obtained from the measured transmittances at λ 1 500 nm and λ 2 600 nm.
The accuracy and performance of the method were ascertained by computer simulations based on exact Mie theory. The method was also tested by implementing a simple setup that was used for studying dilute dispersions of calibrated latex and uncalibrated silica particles. These results show excellent accordance between the colors predicted by using the measured γ-value and the colors directly measured from the light scattered at 90°.
We believe that the method proposed in this article for predicting the color of scattered light offers many advantages over standard light scattering techniques, which are based on direct measure of the scattered spectrum. First of all, measuring spectral extinctions (or transmittances) is much easier than measuring spectral scattering because of the blank reference, whose measure is straightforward in extinction techniques, but rather complicated in scattering ones. Second, extinction can be measured with standard commercial and relatively cheap spectrophotometers, while scattering measurements require either home-developed or expensive commercial instrumentation. Third, in scattering the sample must be optically thin (to avoid the spectral shift of the light impinging on the scattering volume), while this effect is not an issue in an extinction measurement where the spectrum of the transmitted power can be substantially different from that of the incident power (provided that single and/or multiple scattering does not reenter the detection apparatus [16] ).
Finally, besides contributing to general understanding of the transition between Rayleigh and non-Rayleigh scattering regimes, or to a better understanding of visual perception of natural atmospheric phenomena, the method can find applications in many fields of applied or high-tech optics. As a first example, it could be used for developing and optimizing highly efficient hardware sky simulators, or in the LED industry, where Rayleigh-like diffusers are used for distributing uniformly the different spectral components of different sources in order to create white light [17] . As a second example, Fig. 2 shows that χθ exhibits a very sensitive dependence on particle size. The information obtained from χθ can thus be profitably exploited for accurate optically based particle sizing in the tens of nanometers regime.
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